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It has been proposed that A. V. Luikov’s system of heat- and mass-transfer equations be supplemented with
balance differential equations of change in the temperature and degree of saturation of a medium with its
motion in the material for an a priori unknown character of their change. The approach to determination of
the relative coefficient of thermal diffusion, the criterion of phase transition, and the value of the Fo number
for the beginning of the stage of a regular regime of a one- and two-dimensional plate and to evaluation of
the notion of the "soft" and "hard" processes of drying has been refined. The method of allowance for the
multidimensionality of a body has been developed. The practical absence of the influence of moisture ex-
change on heat exchange in drying has been proved.

In A. V. Luikov’s works, quite an orderly heat- and mass-transfer theory which enables one to calculate dif-
ferent processes, including those of drying and heat treatment, has been created. However, one may introduce certain
generalizations, corrections, and simplifications into it.

1. We have supplemented A. V. Luikov’s system of equations with balance differential equations conjugate to
it, which enables us to obtain information on the temperature-humidity state of a medium and a material in its volume
and to solve different technological problems [1–4]:
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In the general case, in the presence of a deepened boundary of phase transitions, the system may be repre-
sented in the following form [3]:
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t2 (x; τ = 0) = f (x) , (5)

u2 (x; τ = 0) = f (x) , (6)
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α [tm (τ) − tx=R] − λ (∂t ⁄ ∂x)x=R − rph (1 − ε) q′ (τ)x=R = 0 , (7)

q′ (τ)x=R − a′ρ0 (∂u ⁄ ∂x)x=R − a′ρ0δ (∂t ⁄ ∂x)x=R = 0 . (8)

The boundary conditions at the phase-transition boundary are

t1 (χ, τ) = t2 (χ, τ) , (9)

u1 (χ, τ) = u2 (χ, τ) , (10)
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Equations (3) and (4) correspond to the external and internal zones. They are suitable for both a plate (when
µ(x) = 1 and υ(x) = 1) and a cylinder (when µ(x) = 1/x and υ(x) = x).

It should be noted that the temperature at the phase-transition boundary in (9) is unknown in the general case
before the solution of the problem. In actual practice, one occasionally takes this temperature at the evaporation bound-
ary to be equal to the saturation temperature. In some cases, the parameters in Eqs. (9) and (10) are known in ad-
vance. As the experiments show, in melting, we have tph = 0, in high-temperature drying, tph is equal to the boiling
temperature (100–101oC), and in low-temperature drying and for u > usat.v the moisture content at the evaporation
boundary is equal to usat.v (analog of umax.s).

In the case of moving boundaries, for example, in thawing, the field of moisture content in each of the zones
is virtually stable, because of which we may represent Eq. (3) without a heat source; Eqs. (4), (6), (8), (10), and (11)
drop out of the system. In Eq. (12), the criterion ε is the criterion of ice-to-water change in this case (ε2 = 0 in the
internal zone and ε1 = 1 in the external zone). As a result, we obtain the Stefan relation
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The third term of Eq. (13), which characterizes the flow rate of heat, may be written in physical meaning in
the form rphρph(∂x ⁄ ∂τ), where ρph = ρ0(u − unon).

The system of equations (3)–(12) yields different particular cases not accompanied by the motion of the
phase-transition boundary. For example, in heating of a body (if it is assumed that λ1 ≠ λ2), we may obtain a system
characteristic of boundary conditions of the fourth kind; the temperature at the boundary will change. If we have λ1 =
λ2, the body becomes homogeneous and of the entire system (3)–(12) the known system for transfer of heat with
boundary conditions of the first and third kind is left.

Analogous is the approach to obtaining the system of equations in the high-temperature process of drying,
when u ≤ usat.v (the molar transfer of moisture is absent).

2. A drawback of A. V. Luikov’s system of equations is the uncertainty of the variable value of the criterion
of phase transition ε. This criterion in essence depends on the conditions of the process and the characteristic of the
material; its description requires an additional equation. Since this quantity is not known, the system of equations is
open, in fact, because of which we have to prescribe a discrete ε. Therefore, it is desirable to precalculate the system
with different values of ε and to establish the influence of its changes on the basic parameters of the process. Of
greatest interest is the possibility of taking ε = 0, when the system of equations "is untied" into individual equations
of moisture and heat transfer.

The system of equations has been solved [5] for wood under different conditions and for ε = 0. 0.25, 0.5,
0.75, and 1.0. A value of ε = 0.25 was taken into calculation based on the available data that the value of ε in wood
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is close to it. The calculations have shown [5] that transition from ε = 1 to ε = 0 and particularly from ε = 0.25 to
ε = 0 gives slight disagreements between similar quantities for most parameters. The sole exception is the temperature
difference ∆t = tsurf − tc (disagreements of 90% in transition from ε = 0.25 to ε = 0) and to a lesser extent Wc
(0.44%), ∆W (0.63%), σsur f (2.1%), and σc (1.98%). As the process becomes harder, these disagreements increase
(they have been given above for the first stage of the regime at τ = 5 h). At τ = 20 h (harder regime), ∆t, Wc, ∆W,
σsur f, and σc amount to 90, 3.09, 3.98, 14.2, and 16.5% respectively. The general conclusion is that, except for deter-
mination of the difference ∆t and, to a certain extent, of the internal stresses (σsur f and σc), we may take ε = 0. We
drop an analysis of the influence of the quantity ε for high-temperature drying.

3. Considering the thermal and moisture conductivity, A. V. Luikov gives [6] the data of V. P. Mironov ob-
tained by the method of stationary current on wood [7]. The results sharply differ for different types of wood (for ex-
ample, five times for pine wood and oak). Referring to the primary sources has shown that these data are incorrect.
The stationarity of the temperature field was attained in the experiments, but no stationarity of the humidity field was
ensured. In addition, a more thorough analysis has shown [8] that the coefficients δ referred to the potential of mois-
ture transfer (for example, µ) must not depend on the density of the body (type of wood), which is consistent with
our experiments and the results [9] found on another material. It follows that the transfer potential µ, which is a func-
tion of t and ϕ, may be equal for different densities only in the case of sorption (desorption) isotherms equal for them,
which has precisely been confirmed experimentally [2, 3] and which leads to an independence of δ from the type of
wood.

In different literature sources, the problem on the parameter characterizing the transfer of moisture under the
influence of a nonuniform temperature field is presented ambiguously. There is inconsistency in terminology. Thus, the
parameter δ having the dimensions of 1/deg and involved in the transfer equation was called by A. V. Luikov simul-
taneously the coefficient of thermal and moisture conductivity and the relative coefficient of thermal and moisture con-
ductivity (in 1946), just the coefficient of thermal and moisture conductivity (in 1950), the thermogradient coefficient
(in 1956), and the relative coefficient of thermal diffusion (in 1968). Also, there are contradictions as far as the defi-
nition of the quantity δ is concerned. Let us take the chemical potential µ as the potential of transfer and write the
moisture-flux density in the form

 qµ
′  = − λµ

′ ∇µ − λµ
′′∇ (t + 273) ,   µ = f [u, (t + 273)] . (14)

Then the relative coefficient of thermal diffusion δ will be
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If we write the law of transfer in the same form (14) but assume, as many authors consider, that µ = f(u) and
the second term of Eq. (14) allows for the influence of t, we obtain

δ = δµ2
 = cµ
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 . (16)

The moisture-flux density may be written in the form

qµ
′  = − λµ

′ ∇µ ,   µ = f [u, (t + 273)] , (17)

δ = δµ1
 = cµ

′  [∂µ ⁄ ∂ (t + 273)]u . (18)

Thus, different approaches lead to different results. In the literature, these are contradictory indications on the
relation between δµ1

 and δµ2
. The experiments performed [3, 10] have shown that the parameter δµ1

, related to the
temperature coefficient of chemical potential [∂µ ⁄ ∂(t + 273)]u, is substantially smaller than δµ2

 related to the Soret ef-
fect (λµ ′′ ⁄ λµ ′). The ratio δµ1

/(δµ1
 + δµ2

) increases with increase in t and decrease in W. Thus, at t = 40oC, it is equal
to 0.1 virtually regardless of W; this ratio is 0.35 at t = 80oC and W = 6% and only 0.17 at W = 18%.
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4. The processing time and potential of transfer in two- or three-dimensional bodies have been calculated
in [11–13], where the existence of several variants of allowance for the multidimensionality and anisotropy of bod-
ies in the processes of drying, heating, and diffusion is shown, namely: (1) obtaining formulas for a multidimen-
sional body that are based on computation of one or several series terms of the solution, (2) construction of
special criterial plots, (3) introduction of the equivalent dimension of the body or the shape factor, and (4) intro-
duction of corrections for multidimensionality. All four variants have been developed by us [2, 11, 13]. We briefly
dwell on the latter. A long two-dimensional plate (thickness S1 and width S2) is compared to a one-dimensional
one having the same governing dimension S1. It is evident that, for example, in drying, the one-dimensional plate
will have a higher u

_
 than the multidimensional one, or it will take more time to attain the same u

_
 by the one-di-

mensional plate. Such an approach enables us to establish a correction for the multidimensionality of the plate
(two-dimensional in this particular case) of Gτ ≤ 1.0, which is used in the form

τmult = Cττone (19)

or in the criterial form

Fomult = CτFoone . (20)

The values of τmult and Fomult were taken for the two-dimensional plate by numerical solution of the problem or from
the criterial plots constructed on this basis. In these cases, the corrections Cτ are suitable from the very beginning of
the process, since we used solutions for the sum of the series terms.

5. The processes of heat and mass transfer are accompanied by the stages of an irregular regime and then a
regular regime. Determination of the first stage requires the sum of the series terms of the solution, whereas that of
the second stage requires the first term. In the works of A. V. Luikov, there are data enabling one to establish the
beginning of the stage of a regular regime (Foreg) for the axis of a cylinder and a plate with a prescribed degree of
accuracy p [14] and for the plate potential averaged over the cross section [15] without indicating the accuracy; it is
taken to be Foreg = 0.1. In this connection, we made an attempt [2, 3] at establishing Foreg for the average-over-the
cross section potential with a prescribed accuracy, initially analytically with boundary conditions of the third kind.
However, in the expression resulting in this case for the residual sum of the series terms ∆k (representation of the ex-
pression is dropped), replacement (required for solution) of the integral in this expression by the exponential function
leads to a certain overstatement of the value of ∆k and finally to an increase in Fo = Foreg. In this connection, the
problem of determination of Foreg for different Bi values was performed for one- and two-dimensional plates by the
numerical method on a computer (for the first two terms of the series). The calculations have shown that A. V.
Luikov’s result, according to which we have Foreg = 0.1 for the one-dimensional plate, is obtained when Bi = 10 and
the accuracy is p = 1.9%. When p = 0.5% we have Foreg = 0.18 for Bi = 10 and Foreg = 0.16 for Bi = 80. For the
two-dimensional plate the quantity Foreg decreases. For example, when p = 0.5% and S1

 ⁄ S2 = 0.5, we have Foreg =
0.04 for Bi ≥ 20, and when S1

 ⁄ S2 = 1.0 we have Foreg = 0.025 for Bi = 20.
6. A. V. Luikov introduced the notions of "soft" and "hard" processes of drying [15]. By "soft" he meant the

process occurring with a low intensity of evaporation and characterized by the presence of both the period of a con-
stant drying rate and a constant temperature at the level t = tc.lim. By "hard" he meant the process in which the sur-
face temperature increases above t = tc.lim in the period of a constant drying rate. However, we should introduce
corrections into such a classification. It is assumed [2, 3, 13] that the form of a temperature field over the cross sec-
tion is determined by the level of temperature acquired by the body and not by the evaporation intensity, which estab-
lishes the value of moisture conductivity — at low temperatures, it is low, the evaporation zone bites deeper into the
body, and the surface temperature continuously grows; such a situation has been proved experimentally. In drying of
wood sheets (S1 = 2 mm), at tm = 205oC and tw = 80oC (intense evaporation, q′ = 5.5 kg/(m2⋅h), and twood = 80oC),
the process follows the "soft" scheme without a rise in the surface temperature, whereas at tm = 80oC and tw = 33oC
(evaporation intensity q′ = 1.8 kg/(m2⋅h) and twood = 33oC), it follows the "hard" scheme. The noted trends are con-
firmed by the character of the dependence of the Luikov criterion Lu = a′ ⁄ a on temperature. The quantity Lu de-
creases with the latter (as tm changes from 80 to 33oC, Lu is reduced three times — from 0.006 to 0.002), i.e., the
progress of the moisture field will lag behind the progress of the temperature field still further.
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7. Discussions on the influence of mass exchange on heat exchange were held in the thermophysical literature
over a long period in the 1960–70s. Specialists in the field of a boundary layer stated [16] that any flow transverse to
this layer increases its thickness and decreases the coefficient of heat exchange. They extended this principle to the
processes of evaporation (drying), too. Specialists in the field of drying obtained data from which it followed that
evaporation intensifies heat exchange [17–20]. The experiments on evaporation [21] from the plate surface (fine wood)
carried out in the 1980s with the use of laser illumination in the boundary layer and filming unambiguously have
shown that in the case of moderate evaporation from the surface we have removal of liquid particles to the boundary
layer. (A. V. Luikov demonstrated earlier the case histories (obtained by the Swedes) of removal of liquid particles to
the boundary layer in drying in a superheated vapor. No conclusions based on the removal of liquid particles on the
influence of mass exchange on heat exchange were drawn.) Our experiments explain the true interrelation between
evaporation and heat exchange. The coefficient of heat exchange is usually calculated from the formula

α = q′rph
 ⁄ [(tm − twet) Fgeom] . (21)

In actual practice, not only does evaporation occur from the surface but it also occurs in the boundary layer,

i.e., we have qtot
′  > qgeom

′ . The reference of the total amount of the evaporated liquid to Fgeom artificially overstates the

coefficient of heat exchange. The transverse flux is relatively small in drying and cannot substantially reduce heat ex-
change. In [22], A. V. Luikov gave the solution of the problem of American authors for a laminar boundary layer

which is precisely our case. The parameter of blowing in our experiments was fω = 
q′

ρω
 Re = (0.0012/0.9722)⋅67.47 =

0.041. As follows from the plot given in [22], the coefficient of heat exchange is reduced by 5% for such a value of

the parameter of blowing. If we were to introduce, into Eq. (21), the quantity q′ only from the surface, this reduction
would be even smaller or, in all probability, it would be completely absent. The latter is confirmed by the inter-
ferometric investigation [2, 21] performed in the process of the experiments and showing a virtual coincidence of the
thicknesses of the boundary layer in evaporation and in blowing without it.

NOTATION

a, coefficient of thermal diffusivity, m2/sec; a′, coefficient of moisture conductivity, m2/sec; Bi, Biot criterion;
Cτ, correction for multidimensionality; C, specific heat, J/(kg⋅oC); c ′, specific isothermal moisture capacity, 1/(J/kmole);
Fo, Fourier number; Foreg, Fo number at the beginning of the stage of a regular regime; F, surface area, m2; fω, pa-
rameter of blowing into the boundary layer; Lu, Luikov criterion; P, vapor pressure, Pa; p, accuracy; q′, moisture flux,
kg/(m2⋅sec); R, characteristic dimension, m; Rp, half the thickness of the gap for passage of air, m; Rv, gas constant
of the vapor, J/(kg⋅oC); rph, heat of phase transition, J/kg; Re, Reynolds criterion; S1 and S2, thickness and width of
the plate, m; tm, temperature of the medium, oC; tc.lim, tw, tph, twood, and ∆t, cooling-limit temperature, wet-bulb tem-
perature, phase-transition temperature, wood temperature, and temperature difference across the plate thickness, oC;
us.lim, moisture content of the saturation limit of the cellular wall; u = W/100 and u

_
, moisture content and its average

value; ueq, equilibrium moisture content; W, humidity, %; ∆W, humidity difference across the plate thickness, %; x, y,
χ, coordinates in the body, in the direction of motion of the air, and at the phase-transition boundary, m; α and α ′,
coefficients of heat exchange and moisture exchange, W/(m2⋅oC) and m/sec; δ, thermogradient coefficient, relative co-
efficient of thermal diffusion, and thermal and moisture conductivity, 1/oC; δµ1

 and δµ2
, components of the relative co-

efficient of thermal diffusion, 1/oC; ∆k, residual sum of the series terms; ε, criterion of phase transition; λ, thermal
conductivity, W/(m⋅oC); λ ′, coefficient of mass transfer, kg⋅kmole/(m⋅sec⋅J); λ ′′, coefficient of thermal mass transfer,
kg/(m⋅sec⋅oC); µ(x) and υ(x), shape parameters of the body; µ, chemical potential; J/kmole; ρ, density, kg/m3; ρ0, den-
sity of a perfectly dry body, kg/m3; ρph, amount of the substance that has undergone phase transition, kg/m3; σ, inter-
nal stress, Pa; τ, time, sec; ϕ, relative humidity of air; ω, velocity of air, m/sec; Subscripts: geom, geometric; wood,
wood; w, wet; mult, multidimensional body, tot, total; one, one-dimensional body, max.s, maximum sorption moisture
content; surf, surface; v, vapor; c.lim, cooling limit; sat.v, saturated vapor; p, passage; eq, equivalent; reg, regular; m,
medium; c, center; ph, phase transition; 0, initial value, dry body; 1, and 2, external and internal zones; non, nonfreez-
ing moisture.
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